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Abstract. Inthis paper we first overview the main concepts of Statistical Learning Theory, a framework in which
learning from examples can be studied in a principled way. We then briefly discuss well known as well as emerging
learning techniques such as Regularization Networks and Support Vector Machines which can be justified in term
of the same induction principle.
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1. Introduction functionals of the type

The goal of this paper is to provide a short introduc- 1¢ 2

tion to Statistical Learning Theory (SLT) which studies HIfl =+ Z Vy, FO0)) + A Tk

problems and techniques sifipervised learning-or a =1

more detailed review of SLT see Evgeniou etal. (1999). \whereV is aloss functionwhich measures the good-
In supervised learning—dearning-from-examples- ness of the predicted outpditx;) with respect to the

a machine is trained, instead of programmed, to per- given outputy;, | f |2 a smoothness term which can
form a given task on a number of input-output pairs. pe thought of as a norm in the Reproducing Kernel
According to this paradigm, training means choosing Hilpert Space defined by the kerri€landx a positive

a function which best describes the relation between parameter which controls the relative weight between
the inputs and the outputs. The central question of the data and the smoothness term. The choice of the
SLT is how well the chosen function generalizes, or |oss function determines different learning techniques,
how well it estimates the output for previously unseen each leading to a different learning algorithm for com-

inputs. . . _ _ . puting the coefficients;.
We will consider techniques which lead to solution ~ The rest of the paper is organized as follows.
of the form Section 2 presents the mainideaand concepts in the the-

ory. Section 3 discusses Regularization Networks and

. Support Vector Machines, two important techniques
fO0 = .le G K (X %) (1) which produce outputs of the form of Eq. (1).
where thex;,i = 1, ..., ¢ are the input example 2. Statistical Learning Theory

a certain symmetric positive definite function named
kernel, and; a set of parameters to be determined form We consider two sets of random variabes X € R
the examples. This function is found by minimizing andyeY C Rrelated by a probabilistic relationship.
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The relationship is probabilistic because generally an as

elementoiX does not determine uniquely an element of

Y, butrather a probability distribution ofi This can be 1<

formalized assuming that an unknown probability dis- lempl 5 €] = 7 Z Vi, f(xi)).
tribution P(X, y) is defined over the set x Y. We are =1
provided withexamplesf this probabilistic relation-
ship, that is with a data s&, = {(xi, yi) € X x Y}_;
calledtraining set obtained by samplingtimes the set

X xY according taP(x, y). The “problem of learning”
consists in, given the data d8t, providing anestima-

tor, that is a functionf : X — Y, that can be used,
given any value ok € X, to predict a valug. For ex-
ampleX could be the set of all possible imag&sthe
set{—1, 1}, and f (x) anindicator functiorwhich spec-
ifies whether imagg contains a certain objecy (= 1),

or not (y = —1) (see for example Papageorgiou et al.
(1998)). Another example is the case wheris a set

of parameters, such as pose or facial expressioissa
motion field relative to a particular reference image of a
face, andf (x) is a regression function which maps pa-
rameters to motion (see for example Ezzat and Poggio
(1996)).

Straight minimization of the empirical risk if can

be problematic. First, it is usually alt-posed prob-

lem (Tikhonov and Arsenin, 1977), in the sense that
there might be many, possibly infinitely many, func-
tions minimizing the empirical risk. Second, it can lead
to overfitting meaning that although the minimum of
the empirical risk can be very close to zero, the expected
risk—which is what we are really interested in—can
be very large.

SLT provides probabilistic bounds on the distance
between the empirical and expected risk of any function
(therefore including the minimizer of the empirical risk
in a function space that can be used to control overfit-
ting). The bounds involve the number of examptes
and thecapacity hof the function space, a quantity
measuring the “complexity” of the space. Appropri-

. ate capacity quantities are defined in the theory, the
In SLT,.the 'stand.ar.d way to sol\(e the qurnmg prob- most popular one being the VC-dimension (Vapnik
lem consists in defining ask functional W.h'Ch mea- and Chervonenkis, 1971) or scale sensitive versions
sures the average amount of error or risk assomatedof it (Kearns and Shapire, 1994: Alon et al., 1993). The

with an estimator, and then looking for the estimator 1, ,ngs have the following general form: with proba-
with the lowest risk. IfV (y, f (x)) is the loss func- bility at leasty

tion measuring the error we make when we preglict
by f (x), then the average error, the so calkegbected

risk, is: I[f] < |emp[f]+cb(\/g,n>. (2)

I[f] E/ V(y, f(X)P(x,y) dxdy whereh is the capacity, andd an increasing func-
XY tion of % andn. For more information and for exact
forms of function® we refer the reader to (Vapnik and
We assume that the expected riskis defined on a “large” Chervonenkis, 1971; Vapnik, 1998; Alon et al., 1993).
class of functions” and we will denote byf, the func- Intuitively, if the capacity of the function space inwhich
tion which minimizes the expected risk#i The func- we perform empirical risk minimization is very large
tion fo is our ideal estimator, and it is often called and the number of examples is small, then the distance
the target function. This function cannot be found in  between the empirical and expected risk can be large
practice, because the probability distributiBrix, y) and overfitting is very likely to occur.
that defines the expected risk is unknown, and only  Since the spac# is usually very large (e.gF could
a sample of it, the data s&,, is available. To over-  be the space of square integrable functions), one typ-
come this shortcoming we need arduction princi- ically considers smaller hypothesis spaéésMore-
ple that we can use to “learn” from the limited num- over, inequality (2) suggests an alternative method for
ber of training data we have. SLT, as developed by achieving good generalization: instead of minimizing
Vapnik (Vapnik, 1998), builds on the so-callein- the empirical risk, find the best trade off between the
pirical risk minimization (ERM)induction principle. empirical risk and thecomplexity of the hypothesis
The ERM method consists in using the data Bet spacemeasured by the second term in the r.h.s. of in-
to build a stochastic approximation of the expected equality (2). This observation leads to the method of
risk, which is usually called thempirical risk defined Structural Risk Minimization (SRM)



The idea of SRM is to define a nested sequence of set of constantgy, < A, < ---

hypothesis spacdd; ¢ H, c --- c H,, where each
hypothesis spackl, has finite capacith,, and larger
than that of all previous sets, that s < h,, ..., <

h,. For exampleH,, could be the set of polynomials of
degrean, or aset of splines witm nodes, or some more
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< A, and considering
spaces of the form:

Hm = {f € RKHS: || f|lx < Am}

It can be shown that the capacity of the hypothesis

complicated nonlinear parameterization. Using such a spacedHn is an increasing function o, (see for ex-
nested sequence of more and more complex hypothesissmple Evgeniou et al. (1999)). According to the scheme

spaces, SRM consists of choosing the minimizer of the
empirical risk in the spackl: for which the bound on
thestructural risk as measured by the right hand side
of inequality (2), is minimized. Further information
about the statistical properties of SRM can be found in
Devroye et al. (1996), Vapnik (1998).

To summarize, in SLT the problem of learning from

examples is solved in three steps: (a) we define a loss

functionV (y, f(x)) measuring the error of predicting
the output of inpuk with f (x) whenthe actual outputis

y; (b) we define a nested sequence of hypothesis space

Hn,m = 1,..., M whose capacity is an increasing
function of m; (c) we minimize the empirical risk in
each ofH;, and choose, among the solutions found,
the one with the best trade off between the empirical
risk and the capacity as given by the right hand side of
inequality (2).

3. Learning Machines

3.1. Learning as Functional Minimization

We now consider hypothesis spaces which are sub-

sets of a Reproducing Kernel Hilbert Space (RKHS)
(Wahba, 1990). ARKHS is a Hilbert space of functions
f oftheformf (x) = Y__; @én(X), where{dn (x)}M_;

is a set of given, linearly independent basis functions
andN can be possibly infinite. A RKHS is equipped
with a norm which is defined as:

~a

2
Il = =
n=1 "N

where{An}y_, is a decreasing, positive sequence of real
values whose sum is finite. The constaktsand the
basis functiong¢n}n_, define the symmetric positive
definite kernel function:

KOGY) =D ndn(0en(y).
n=1

given atthe end of Section 2, the solution of the learning
problem is found by solving, for eadhy, the following
optimization problem:

14
ming Y V(yi, F06)
i=1
Il < Am

subject to

and choosing, among the solutions found for eAgh
the one with the best trade off between empirical risk

2nd capacity, i.e. the one which minimizes the bound

on the structural risk as given by inequality (2).

The implementation of the SRM method described
above is not practical because it requires to look for the
solution of a large number of constrained optimization
problems. This difficulty is overcome by searching for
the minimum of:

1 4
HIf1 =5 > Vo foan +AlfIE ()
i=1

The functionalH[ f] contains both the empirical risk
and the norm (complexity or smoothness)foin the
RKHS, similarly to functionals considered in regular-
ization theory (Tikhonov and Arsenin, 1977). Tireg-
ularization parametei penalizes functions with high
capacity: the largek, the smaller the RKHS norm of
the solution will be.

When implementing SRM, the key issue is the
choice of the hypothesis space, i.e. the paramsdter
where the structural risk is minimized. In the case of
the functional of Eq. (3), the key issue becomes the
choice of the regularization parameter These two
problems, as discussed in Evgeniou et al. (1999), are
related, and the SRM method can in principle be used
to choose. (Vapnik, 1998). In practice, instead of using
SRM other methods are used such as cross-validation
(Wahba, 1990), Generalized Cross Validation, Finite
Prediction Error and the MDL criteria (see Vapnik

A nested sequence of spaces of functions in the RKHS (1998) for a review and comparison).

can be constructed by bounding the RKHS norm of

An important feature of the minimizer of[ f]

functions in the space. This can be done by defining a is that, independently on the loss functidf, the
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minimizer has the same general form (Wahba, 1990)

4

f00 =) K x),

i=1

(4)

Notice that Eq. (4) establishes a representation of the
function f as a linear combination of kernels cen-
tered in each data point. Using different kernels we
get functions such as Gaussian radial basis functions
(K(x,y) = exp(—B|Ix — y||?), or polynomials of de-
greed (K(x,y)=(1+ x - y)¥) (Girosi et al., 1995;
Vapnik, 1998).

We now turn to discuss a few learning techniques
based on the minimization of functionals of the form
(3) by specifying the loss functiol'. In particular,
we will consider Regularization Networks and Support
Vector Machines (SVM), a learning technique which

for a fixed A is a special form of regularization. It is
possible to show (see for example Girosi et al. (1995))
that the coefficients; of the minimizer of (9) in Eq. (4)
satisfy the following linear system of equations:

(G+arhc=y, (10)

wherel is the identity matrix, and we have defined
©i =¢,

Wi =¥, (G)ij = K(xi, Xj).

Since the coefficients satisfy a linear system, Eq. (4)
can be rewritten as:

4
fO0 =) b, (12)
i=1

has recently been proposed for both classification and i1, b (X) = Zt{ (G + 1)K (x;, x). Equation (11)
= i] I

regression problems (see Vapnik (1998) and references

therein):

— Regularization Networks

Vi, foxi)) = (v = Foa)?, (5)
— SVM Classification
Vi, fXxi) = 11—y fxil4, (6)
where|x|, = x if x > 0 and zero otherwise.
— SVM Regression
Vi, F0)) =1y = FXle, ()

where the function-|., callede-insensitive loss, is de-
fined as:

0
IX| —€

if |X| <e

[X]e = .
¢ otherwise

8
We now briefly discuss each of these three techniques.

3.2. Regularization Networks

The approximation scheme that arises from the mini-
mization of the quadratic functional

1 E
220 = FO)? A2 ©)
i=1

gives the dual representation of RN. Notice the dif-
ference between Egs. (4) and (11): in the first one the
coefficientsc; are learned from the data while in the
second one the bases functidnsare learned, the co-
efficient of the expansion being equal to the output of
the examples. We refer to (Girosi et al., 1995) for more
information on the dual representation.

3.3. Support Vector Machines

We now discuss Support Vector Machines (SVM)
(Cortes and Vapnik, 1995; Vapnik, 1998). We distin-
guish between real output (regression) and binary out-
put (classification) problems. The method of SVM re-
gression corresponds to the following minimization:

1Y
Mine 2> Iy = foDle+AITIE (12)
i=1

while the method of SVM classification corresponds
to:

1
Ming 5> 11—y f OOk + AIFIE,

i=1

(13)

It turns out that for both problems (12) and (13) the
coefficientsc; in Eq. (4) can be found by solving a
Quadratic Programming (QP) problem with linear con-
straints. The regularization parameteappears only

in the linear constraints: the absolute values of coef-
ficients¢ is bounded by%. The QP problem is non
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trivial since the size of matrix of the quadratic form is tions, but suggests representations that lead to “sim-
equal to¢ x £ and the matrix is dense. A number of al- ple” solutions. Although there is not a general solution
gorithms for training SVM have been proposed: some to this problem, a number of recent experimental and
are based on a decomposition approach where the QPtheoretical works provide insights for specific appli-
problem is attacked by solving a sequence of smaller cations (Evgeniou et al., 2000; Jaakkola and Haussler,
QP problems (Osuna et al., 1997), others on sequential1998; Mohan, 1999; Vapnik, 1998).
updates of the solutior?y.
Aremarkable property of SVMsisthatloss functions References
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nonzero. The data pointsassociated with the nonzero ~_ 1tv- Symposium on Foundations of Computer Science
. . Cortes, C. and Vapnik, V. 1995. Support vector netwoktachine
¢ are calledsupport vectorslf all data points which Learning 20:1-25
are not support vectors were to be discarded from t_he Devroye, L., Gyifi, L., and Lugosi, G. 1996\ Probabilistic Theory
training set the same solution would be found. In this  of Pattern RecognitianNo. 31 in Applications of Mathematics.
context, an interesting perspective on SVM is to con- _ Springer: New York. . _
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